AP Calculus AB
Summer Assignments

The attached packet contains mathematical concepts that are necessary to succeed
in Calculus.

Material from: Larson, Hostetler, Edwards. Calculus, 5™ Ed. Heath, 1994.

The following assigned problems will be due the first day of school in September.
Y ou must show all your work.

Read each section and then do the problems.

Section 1
#2.4,6,8,10, 12, 14, 15, 20, 24, 32, 34, 40, 52, 59

Section 2
#3,8, 16,22,27,28, 29, 30, 34, 40, 44, 54

Section 3
#10, 16, 22, 26, 38, 58, 60

Section 4
#11, 14, 16, 20, 24, 32, 40%, 44, 56
Write equation of indicated line. Ex. 36 is not needed.

Section 5
#2,9, 18, 20, 34, 42, 44, 54, 56, 67, 68, 69, 70

Section 6
#6, 8, 13, 16, 18, 23, 24, 25, 26, 36, 38, 44, 47, 52, 54, 56, 62, 70, 72

Turn-in completed work to your AP calculus teacher on the FIRST DAY OF
SCHOOL.

Remember: ALL WORK MUST BE SHOWN NEATLY ON SEPARATE
PIECES OF PAPER — NOT IN THE PACKET.
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Real Numbers and the Real Line

Real numbers can be represented by a coordinate system called the real hnc Or x-axis
(see Figure 1). The real number corresponding to a point on the real line is. the
coordinate of the point. As Figure 1 shows, it is customary to identify those pomts
whose coordinates are integers.
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FIGURE 1
The real line

The point on the real line corresponding to zero is the origin and is denoted by
0. The positive direction (to the right) is denoted by an-arrowhead and.is the direction
of increasing values of x. Numbers to the right of the origin- are positive. Numbers to
the left of the origin are negative. The term nonnegative describes a number that is -
positive or zero. The term nonpositive describes ‘a number that is negative or zéro.

Each point on the real line corresponds to one and only one real number, and each
real number corresponds to one and only one point on the real line. This type of
relationship is called a one-to-one correspondence
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Rational numbers . Irrational numbers

Each of the four points in Flgure 2 corresponds o a ratlonal number—one that i
can be expressed as the ratio of two integers. (Note that 4.5 = % and =2. 6 =zBy-
Rational numbers can be represented either by terminating decimals such as % t =04,
or by repeating decimals such as { = 0.333 ... = 0.3. i

Real numbers that are not rational are irrational. Irrational - numbers cannot be -
represented as terminating or repeating decimals. In computations, irrational numbers .
are represented by decimal approimations. Here are three familiar examples.

V2 ~ 1.414213562
7=~ 3.141592654
~ 2718281828

(See Figure 3.)
Order and Inequalities

One important property of real numbers is that they can be ordered. If a and b are
real numbers, then a is less than b if b — a is positive. This order is denoted by the
inequality

a <b.

The statement b is greater than a is equivalent to saying a is less than b. When three
real numbers a, b, and ¢ are ordered sothata < band b < ¢, we say that b is between
aandcanda < b <c.

Geometrically, a < b if and only if a lies to the left of b on the real line (see
Figure 4). For example, 1 < 2 because | lies to the left of 2 on the real line.

The following properties are used in working with inequalities. Similar properties
are obtained if < is replaced by =< and > is replaced by =. (The symbols = and =
mean less than or equal to and greater than or equal to, respectively.)



Properties of Inequalities

Let a, b, ¢, d, and k be real numbers.

1.Ifa <band b < ¢, thena < c. Transitive Property

2. Ifa <bandc <d,thena + ¢ <b + d.  Add inequalities

3, Ifa <b,thena +k <b + k. Add a constant

4. If a < b and k > 0, then ak < bk. Multiply by a positive constant
5. Ifa < band k <0, then ak > bk. Multiply by a negative constant

REMARK Note that you reverse the inequality when you multiply by a negative number. For
example, if x < 3, then —4x > —12. This also applies to division by a negative number. Thus,
if =2x > 4, thenx < ~2.

A set is a collection of elements. Two common sets are the set of real numbers and
the set of points on the real line. Many problems in calculus involve subsets of one of
these two sets. In such cases it is convenient to use set notation of the form {x:
condition on x}, which is rcad as follows.

The set of all x such that a certain condition is true.
—_— e A

{ ® condition on x}
For example, you can describe the set of positive real numbers as
{x: 0< X}. Set of positive real numbers
Similarly, you can describe the set of nonnegative real numbers as
{Xi 0= X}. Set of nonnegutive real numbers

The union of two sets A and B, denoted by A U B, is the set of ¢lements that are
members of A or B or both. The intersection of two sets A and B, denoted by A N B,
is the set of elements that are members of A and B. Two sets are disjoint if they have

no elements in common. :

The most commonly used subsets are intervals on the rea] lin

. e. For example, the
open interval P,

(a,b) = ra<x< b} Open interval

is the §et of all real numbers greater than g and less than b, where a and b are the
endpoints of t_he interval. Note that the endpoints are not included in an open interval.
Intervals that include their endpoints are closed and are denoted by

[a,b] = {x: a=x=< b}. Closed interval

. The nine basic.types of intervals on the real line are shown in Table 1. The first
four are pounded Intervals and the remaining five are unbounded intervals. Un-
bounded intervals are also classified as open or closed. The intervals (—e, b) and (a, %)

are open, the intervals (~%,5] and [a,) are closed, and the interval (~o0, ) is
considered to be both open and closed.



TABLE 1
Intervals on the Real Line

Interval notation Set notation Graph
Bounded open interval (a.b) {x:a <x < b} = "7“( )'—_ B
7 b
Bounded closed interval [a,b] {x:a = x = b} [ 3 ¢
a b
r \
[a,b) {xiasx<b t / =
Bounded half-open intervals ’ ’
(@b) (x1a <x=b - ]
a b
() feox < B} ~ 5
Unbounded open intervals ! b
(a, ©) {x:a < x} ) (L ;
T P X
a b ‘
(==, b] {oen b == T i ; ] e
Unbounded closed intervals b 4
{a, =) {x:a = x} D
N i A
, a b
Entire real line (—o0, ) {x: x is a real number} | ! i
L a b

EXAMPLE

Sty AN £

Describe the intervals on the real line that correspond to th

?EMARK The symbols o gnd —oo refer to positive and negative infinity. These symbols do not

Fenqte :eal nur;:betrs. Thcy[ simply enable you to describe unbounded conditions more concisely
or instance, the interval [a,#0) is unbounded to the right because it incl .

that are greater than orequal to a. - elues allreal “umberi

Liquid and Gaseous States of Water

e temperature x (in degrees

Celsius) for water in

a. A liquid state b. A gaseous state.

Solution

a. Water is in a liquid state at temperatures greater than 0°

and less than 100°, as shown

in Figure 5(a).
(0,100) = {x: 0 < x < 100}

b. Water is in a gaseous state (steam) at tem

peratures greater than or equal to 100°, as

shown in Figure 5(b).
100, ©) = {x: 100 = x}

N Ly
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(a) Temperature range of water
(in degrees Celsius)

FIGURE 5

A real number a is a solution of an inequalit
when a is substituted for x. The set of all solution

T T 7
50 18! 100 0 100 200 300 400

(b) Temperature range of steam
(in degrees Celsius)

y if the inequality is satisfied (is true)
s is the solution set of the inequality. 3
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fx=20then20)—5=-5<7.

Ifx=5then2(5) - 5=5<7

T Iq

=t 9 ‘G 2 8B 4 5§ 6 7 8
Ifx=7T1henZ(T) — 5 =6 > 7.

FIGURE 6
Checking solutions of 2x — 5 < 7.
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FIGURE 7
Solution set of —3 < 2 — Sx < 12.

EXAMPLE

Y

2 Solving an Inequality

Solve 2x — 5 < 7.

Solution
2% =5 <7 Original incquality
28 =5t Sh<< 739 Add § to both sides
2x < 12 Simplify
1 1
E(zx) < 5(12) Multiply both sides by 4

x <6 Simplify

The solution set is (—co, 6).

REMARK In Example 2, all five inequalities listed as steps in the solution are called equiva-
lent because they have the same solution set.

Once you have solved an inequality, check some x-values in your solution set to
verify that they satisfy the original inequality. You should also check some values
outside your solution set to verify that they do not satisty the inequality. For example,
Figure 6 shows that when x = 0 or x = 5 the inequality 2x — 5 < 7 is satisfied, but
when x = 7 the inequality 2x — 5 < 7 is not satisfied.

EXAMPLE 3 Solving a Double inequality
ER B AAE (F

Solve =3 =2 — 5x = 12.

Solution
-3= 2-5x =12 Original inequality
-3 -2=2-5x-2=<12-2 Subtract 2
-5 = —5x = 10 Simplify
=S —S5x - 10 Divide by —5 and
=5 -5 - -5 reverse both inequalities
1= X = -2 Simplify

The solution set is [~2, 1], as shown in Figure 7.

The inequalities in Examples 2 and 3 are linear inequalities—that is, they involve
first-degree polynomials. To solve inequalities involving polynomials of higher degree,
use the fact that a polynomial can change signs only at its real zeros (the numbers that
make the polynomial zero). Between two consecutive real zeros a polynomial must be
either entirely positive or entirely negative. This means that when the real zeros of a
polynomial are put in order, they divide the real line into test intervals in which the
polynomial has no sign changes. Thus, if a polynomial has the factored form

(x=—r)x—r) - (x = r), n<n<n<.oo-<r

then the test intervals are
(riyra)y ..oy (ra-iirw), and  (ra, ).

(=00, 1),

To determine the sign of the polynomial in each test interval, you need to test only one
value from the interval.



Choose x = =3,
xX=Nx+2)>0

Choose x = 4.
x-Hx+D>0

Bl e o =N i
T \ T L T T } T
~3 -2 -1 0 1 2 3 a
Choose x = 0.

=N +2)<0

FIGURE 8
Testing an interval.
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FIGURE 9
Solution set of |x — 3| < 2.

EXAMPLE 4 Solving a Quadratic Inequality

PSR LR R

Solve x? < x + 6.

Solution -
x?<x+ 6  Original inequatity
*-x—-6<0 Write in standard form
(X - 3)(x; +2)<0 Factor
The polynomial x* — x — 6 hasx = —2 and x = 3 as its zeros. Thus, you can solve

the inequality by testing the sign of x* — x — 6 in each of the test intervals (—oco, —2),
(=2, 3), and (3, ). To test an interval, choose any number in the interval and compute
the sign of x> — x — 6. After doing this, you will find that the polynomial is positive
for all real numbers in the first and third intervals and negative for all real numbers in
the second interval. The solution of the original inequality is therefore (—2, 3), as
shown in Figure 8.

Absolute Value and Distance
If a is a real number, then the absolute value of a is
a, ifa=0
lafes™
a, ifa <0.
The absolute value of a number cannot be negative. For example, let a = —4. Then,

because —4 << 0, you have

laf ={=4| = =(~4)= 4

Remember that the symbol —a does not necessarily mean that —a is negative.

Operations with Absolute Value

Let a and b be real numbers and let n be a positive integer.

1. lab) = b 2y [l =2 b+ 0
3. |a| = Va? 4. |a"| = |al

REMARK  You are asked to prove these propcrtieé in Exercises 65, 67, 68, and 69.

Properties of Inequalities and Absolute Value

Let g and & be real numbers, and let k be a positive real number.

l. ~|a} =a =|a|

2. |a|l = kifand only if ~k < a < k.

3.k =<|a|ifandonly ifk < aora = —k.

4. Triangle Inequality: |a + b| = |a| + | |

Properties 2 and 3 are also true if < is replaced by <.
EXAMPLE 5 Solving an Absolute Value Inequality

Solve | x = 3| = 2.

Solution Using the second property of inequalities and absolute value, you can
rewrite the original inequality as a double inequality.

—A ww—=3 =2 Write as double inequality
=2t 3=%=3 £ 3= 2=t 3 Add 3
1= % =S Simplify

The solution set is { 1, 5], as shown in Figure 9.
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Solution set of 3 < |x + 2].
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Solution set of [x — af = d

A
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~ Al ! C
a—d a a+d

Solution set of {x — a| = d

FIGURE 11

Distance between

Fissasiee s aatios
Solve 3 < | x + 2].

Solution

EXAMPLE 6 A Two-Interval Solution Set
A

Using the third property of inequalities and absolute value, you can rewrite

the original inequality as two linear inequalities.

B 2 P X 2 E=3
it G=—5

1<x or

The solution set is the union of the disjoint intervals (—o, —5) and (1, «), as shown

in Figure 10.

Examples § and 6 illustrate the general results shown in Figure 11. Note that if
d > 0, the solution set for the inequality | x — a| = dis a single interval, whereas the
solution set for the inequality | x — a| = d is the union of two disjoint intervals.
The distance between two points a and b on the real line is given by

d=|a-b|] =|b-al.

The directed distance from a to b is » — a and the directed distance from b to a

is @ — b, as shown in Figure 12.

Directed distance

Directed distance

aand b fromatob frombtoa
= . —e 4 - > X
a b a b
- 5
la = bl
FIGURE 12 8
EXAMPLE 7 Distance on the Real Line
i o et Sonee
a. The distance between —3 and 4 is
Distance = 1 [4=(=3)| ={7| =7 or |=3~4|=|~7}=1.
_ZL_J“ Lt fh_:ﬁ i X (SCC Figure 13)
died 4 T8 8 b b. The directed distance from —3 to 4 is 4 — (=3) = 7.
FIGURE 13 ¢. The directed distance from 4 to —3is —3 — 4 = —7. RGN,

The midpoint of an interval with endpoints a and b is the average value of a and

b. That is,

Midpoint of interval (a, b) =

a+b

To show that this is the midpoint, you need only show that {(a + b)/2 is equidistant

from a and b.



In Exercises 1-10, determine whether the real number is 20l < 1 28. 4 sE =5
rational or irrational. 2 2
g =3 X
1. 0.7 2. -3678 29. =5 30. 3 >3
37
35 4.3\/2 - 1 3 (x-al<bb>0 32 |x+2|<5
. 334 | 2ert U) <5 34, {3x + 1| =4
5. 4.3451451 6.z
35 |1~ 3x] <1 36. 19 - 2x| < 1
7. V64 8. 0.81778177
3. x2=3 -2 8. xt-x=0
9. 43 10. (\/2) .
9 x1+x-1=5 40, 2x* + 1 <9x — 3
In Exercises 11-14, express the repeating decimal as a ratio of In Exercises 41-44, find the directed distance from a to b, the
integers using the following procedure, If x = 0.6363 ..., directed distance from b to a, and the distance between a
then 100x = 63.6363 . ... Subtracting the first equation and b.
from the second produces 99x = 63 or x = § = §. 4. e==1_ b=3
— - 3 4 6 1 3§ 4 7
11. 0.3636 12. 031818
= — 42, &= _3 bl = 13
13. 0.297297 14. 0.99009900 = 41
bt x
15, Given a < b, determine which of the following are true. =3 -2 -1 0 2 4
a.a+2<b+2 b. 5b < Sa 43, a. a = 126,b =175
¢.S5—-a>5-b d.l<% b.a= —126,b = ~75
a
44. =934, b= —5.65
e.(a—b)b—-a) >0 f. a? < b? zz_lé _ 2
5] 75
16. Complete the table with the appropriate interval notation, set
notation, and graph on the real line. - In Exercises 45-48, find the midpoint of the interval.
45, a=~1 LAEA
1 [L i ] ] "I;" P
Interval Set ' ] : -
notation notation Graph S L
46. a = -5 b= —%
‘{“"""“}_“”‘ 4 C R
-2 -1 0 = L T T Lt b x
-6 -5 -4 ~3 -2 -1 0
(moo, —4] 47. 2. [7,21] 48 a. [—6.385, 9.35]
b. (8.6, 11.4] b. [-4.6, —1.3]
(x3=sx=¥4 )
In Exercises 49-54, use absolute values to define the interval
(-1, 7 (or pair of intervals) on the real line.
49,. a=-2 b=2
- . . =al, LL . It -I X
In Exercises 17-40, solve the inequality and sketch the graph ! T 1 '
of-the solution on the real line. FELRES ST e
17. 4x +1 < 2x 18. 2x + 7 <3 o ??—Ly [ nb:li:;n_L X
B i O j T 1] Ll T T L 1
19. 2x -1 =0 : 20. 3x+ 1 =2x + 2 cd=2=-1 0 I' @ § %
21 -4 <2x —3<4 22.0=x+3<5 51. 4210 iy
. % : K -+ 7 ——+ N foef—— X
2. 2x >x+ 1 W -1<-3< =2-1 0123 4567
i 52, a ='I 20 b =[ 24
25.f+§>5 065 o iy S U A

2 % 18 19 20 21 22 23 24 25 26

59, Fair Coin To determine whether a coin is fair (has an equal
probability of landing tails up or heads up), an experimenter
tosses it 100 times and records the number of heads x. The
coin is declared unfair if

- 50
O s

For what values of x will the coin be declared unfair?
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FIGURE 17
The distance between two points.

6. D

FIGURE 18
Verifying a right triangle.

Suppose you want to determine the distance d between the two points (x;, y1) and
(x2, y2) in the plane. If the points lie on a horizontal line, then y; = y, and the distance
between the points is | x, ~ x|. If the points lie on a vertical line, then x; = x; and
the distance between the pointsis | y, — yi|. If the two points do not lie on a horizontal
or vertical line, then they can be used to form a right triangle, as shown in Figure 17.
The length of the vertical side of the triangle is | y» — yi{, and the length of the
horizontal side is | x2 — x:|. By the Pythagorean Theorem, it follows that

& =lx-xul+|y—np

d=V]x—al+|y-yk

Replacing | x; — x(|* and | y» — yi[* by the equivalent expressions (x — x:)* and
(y2 — y1)* produces the following result.

Distance Formula
The distance d between the points (x,y;) and (x2, y2) in the plane is given by
4=V~ x) + (2 ~ y)™

EXAMPLE 1 Finding the Distance Between Two Points
R

Find the distance between the points (—2, 1) and (3, 4).

Solution
d=V[3~-(-2)P+ (4 - 1) Distance Formula
=V(EY + 3Y
=V25+9
= V34
~= 5.83

EXAMPLE 2 Verifying a Right Triangle
Lo~

Verify that the points (2, 1), (4, 0), and (5, 7) form the vertices of a right triangle

Solution Figure 18 shows the triangle formed by the three points. The lengths of the
three sides are as follows.

di=V(5—27F+(7-12=Vo+36=V4s
B=V@a-200+0-12=Va+1=Vs
d=VE -4+ (7 -07=VI+49=V50

Because

di +df =45+ 5=150

Sum of squares of sides
and
d$ =50 Square of hypotenuse
you can apply the Pythagorean Theorem to conclude that the triangle is a right triangle.
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FIGURE 16
The Pythagorean Theorem:
a® + p? = 2

The Cartesian Plane

An ordered pair (x, y) of real numbers has x as its first member and y as its second
member. The model for representing ordered pairs is called the rectangular coordi-
nate system, or the Cartesian plane, after the French mathematician René Descartes
(1596~1650). It is developed by considering two real lines intersecting at right angles
(see Figure 14).

The horizontal real line is usually called the x-axis, and the vertical real line is
usually called the y-axis. Their point of intersection is the origin. The two axes divide
the plane into four quadrants.

y-axis y
Quadrant II Quadrant [
4
/i y)
T |
T o :' : (020‘(3 0.
bt POl s { L 4Ot D

Origin /__

Quadrant [TI 4" Quadrant IV

FIGURE 14 ‘ FIGURE 15
The Cartesian plane Points represented by ordered pairs.

Each point in the plane is identified by an ordered pair (x, y) of real numbers x and
¥, called coordinates of the point. The number x represents the directed distance from
the y-axis to the point, and the number y represents the directed distance from the
x-axis to the point (see Figure 14). For the point (x,y), the first coordinate is the
x-coordinate or abscissa, and the second coordinate is the y-coordinate or ordinate.
For example, Figure 15 shows the locations of the points (—1, 2), (3, 4), (0, 0), (3, 0),
and (—2, —3) in the Cartesian plane.

REMARK The signs of the coordinates of a point determine the quadrant in which the point
lies. For instance, if x > 0 and y < 0, then (x, y) lies in Quadrant IV.

Note that an ordered pair (g, b) is used to denote either a point in the plane or an
open interval on the real line. This, however, should not be confusing—the nature of
the problem should clarify whether a point in the plane or an open interval is being
discussed. .

: TECHNOLOGY Note that Figure 15 shows only a small portion of the Cartesian
: plane—the portion for which —4 = x = 4and —4 =< y =< 4. Such a portion is called
: a viewing rectangle. If you are using a graphing utility-in this course, you need to
: become familiar with the steps required to change the viewing rectangle on your
: graphing utility.

The Distance and Midpoint Formulas

Recall from the Pythagorean Theorcm that in a right tnangle the hypotenuse ¢ and
sides a and b are related by a* + b* = ¢2 Conversely, if a + b% = ¢2, then the
tr}gngle is a right tnang_le_(sce Figure 16).
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EXAMPLE 3 Using the Distance Formula
roseroana . St —

Find x so that the distance between (x, 3) and (2, —1) is 5.

Each point of the

% form (x, 3) lies on
| this horizontal line. ‘ '
1.3 s, 3 Solution Using the Distance Formula, you can write the following.
\\\\__ 5= \/(x - 22+ [3~(-1)] Distance Fomula
d =5\ 25 = (x? - 4x + 4) + 16 Square both sides
et \}‘ 1 x 0=x>—4x — 5 Write in standard form
Sl N 0=(x—5)x+1) Factor
2, — 1) .
=29 ( Therefore, x = 5 orx = —1, and you can conclude that there are two solutions. The
FIGURE 19 is, each of the points (5, 3) and (—1, 3) lies 5 units from the point (2, — 1), as show
in Figure 19.

Given a distance, find a point.

The coordinates of the midpoint of the line segment joining two points can be
found by “averaging” the x-coordinates of the two points and “averaging” the
coordinates of the two points. That is, the midpoint of the line segment joining the
points (xi, ) and (xz, y,) in the plane is

1 =F X +
2 <sz‘ . )’1—2)'3> Midpoiim Formula
3 /(9' !
2,0 n . ' s e :
T, ¢ el o x For instance, the midpoint of the line segment joining the ooints (-5, —3) and (9, 3)
% 4 3 6 9 .
e =BIh 9 =3+

553 ( T v -5 =(2,0)
FIGURE 20

Midpoint of a line segment.

as shown in Figure 20.

7 Equations of Circles

A circle can be defined as the set of all points in a plane that are equidistant from a
fixed point. The fixed point is the center of the circle, and the distance between the
center and a point on the circle is the radius (see Figure 21).

You can use the Distance Formula to write an equation for the circle with center
(h, k) and radius r. Let (x, y) be any point on the circle. Then the distance between (x, y)

Center: (h, k)

Point on and the center (A, k) is given by
circle: (x, )
‘ Vi -8+ G-k =
FIGURE 21 By squaring both sides of this equation, you obtain the standard form of the equation
Definition of a circle of a circle.
FOR FURTHER INFORMATION Standard Form of the Equation of a Circle
ize th h of th : £ ; . ; .
S::azzi ToROgECHIS RERLALEIE The point (x, y) lies on the circle of radius r and center (4, k) if and only if

X8+ 20y 4yt - (x—h>+ (y —k?=r%
5x% - 5y = —47

For the solution, see the article *“Single

Equations Can Draw Pictures” by The standard form of the equation of a circle with center at the origin, (h, k) =
Keith M. Kendig in thc March, 1991 (0, 0), is
issue of The College Mathematics

2 o=y
Journal. Y 5 e

If r = 1, then the circle is called the unit circle.
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1, 2e%2

gl

T ) T I‘{
“6W4

G+ D+ -2=

FIGURE 22
Standard form of the
equation of a circle.

20

(+iP+o-2=1

FIGURE 23

A circle with a radius of 1 and center at

-3,2).

EXAMPLE

Finding the Equation of a Circle

R

The point (3, 4) lies on a circle whose center is at (— 1, 2), as shown in Figure 22. Find
an equation for the circle.

Solution The radius of the circle is the distance between (—1, 2) and (3, 4).

r=VB - (-)F+ @ -22=VI6+4=V2D

You can write the standard form of the equation of this circle as

[x — (-1 + (y = 2* = (V2O)°

(x + 1* + (y — 2)* =20.

Standard form

By squaring and simplifying, the equation (x — h)* + (y — k)*> = r? can be
written in the following general form of the equation of a circle.

Ax* + Ay* + Cx + Dy + F =0,

A#0

To convert such an equation to the standard form

x=h+@-k=p

you can use a process called completing the square. If p > 0, then the graph of the
equation is a circle. If p = 0, then the graph is the single point (4,k). If p < O, then
the equation has no graph.

EX

AMPLE 5 Completing the Square

[R5 95

Sketch the graph of the circle whose general equation is

4x% + 4y* + 20x — 16y + 37 = 0.

Solution To complete the square, first divide by 4 so that the coefficients of x2 and

y? are both 1.

4> + 4y* + 20X — 16y + 37 =0

8
x2+y2+5x—-4y+-zz=0
3
(x2+5x+ )+ (yr—4y+ )='-~-Z‘Z

(half)?

i < 25

4
Lt

(half)?

<x+-§>2+(y—2)2=1

General form

Divide by 4

Group terms

Complete the square

.25
<x2 + 5x + %;) + (P —4y+4)= ~37 + — + 4 by adding 7= and

4 to both sides

Standard form

Note that you complete the square by adding the square of half the coefficient of x and
the square of half the coefficient of y to both sides of the equation. The circle is centered
at (=3, 2) and its radius is 1, as shown in Figure 23.
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In Exercises 1-6, (a) plot the peints, (b) find the distance
between the points, and (¢) find the midpoint of the line
segment joining the points,

1L (2,1),4,5) 2. (-3,2), 3, —2)
3 G. 1. (-1 -9) 4. 3 -50.GD
5' (17 '\/5), (_1! l) 6' (—'2v O)a (Oi \/i)

In Exercises 7-10, show that the points are the vertices of the
polygon. (A rhombus is a quadrilateral whose sides are all of
the same length.)

Vertices Figure
7. (4,0), (2, 1), (-1, =5) Right triangle
8. (1, =3),(3,2),(-2,4) Isosceles triangle
9. (0,0), (1,2), (2,1), (3, 3) Rhombus
10. (0, 1), (3, 7), (4, 4), (1, =2) Parallelogram

11. Federal Debt The table lists the per capita federal debt for
the United States from 1950 to 1990. (Source: U. S. Treasury
Department)

Year 1950 1960 1970
Per capita debt | $1688 | $1572 | $1807

Year 1980 1985 1990
Per capita debt | $3981 | $7614 | $12,848

Select reasonable scales on the coordinate axes and plot the
points (x,y) where y is the per capita debt and x is the time
in years, with x = 0 corresponding to 1950.

12, Life Expectancy The table gives the life expectancy of a
child (at birth) from 1920 to 1990. (Source: Department of
Health and Human Services)

Year 1920 | 1930 | 1940 | 1950
Life expectancy | 54.1 | 59.7 | 62,9 | 68.2

s 1960 | 1970 | 1980 | 1990

Life expectancy | 69.7 | 70.8 | 73.7 | 752

Select reasonable scales on the coordinate axes and plot the
points (x,y) where y is the life expectancy and x is the time
in years, with x = 0 corresponding to 1950.

In Exercises 13-16, use the Distance Formula to determine
whether the points lie on the same line.
3.0, -4,2,0,3,2

14. (0, 4), (7, —6), (-5, 11)
15. (=2, 1), (-1, 0), (2, —2)

16. (—1, 1), (3,3), (5, 5)

In Exercises 17 and 18, find x so that the distance between the
points is 5.

17. (0, 0), (x, —4) 18. (2, —1), (x, 2)

In Exercises 21 and 22, find the relationship between x and y
so that (x,y) is equidistant from the two given points.

21 4, ~1), (-2, 3) 22. (3.3, (=7, -1)

In Exercises 27-30, match the equation with its graph.
[Graphs are labeled (a), (b), (c), and (d).]

27, x2 + y2=1
28 (x - 1P+ (y -3 =4
29. (x - 1)?+ yt =0
30, (c + 7+ (- 9=
(@ y (b)

(d)

In Exercises 31-40, write the equation of the cirele in general
form.

31. Center: (0, 0) 32. Center: (0, 0)
Radius: 3 Radius: 5

33. Center: (2, —1) 34. Center: (—4, 3)
Radius: 4 Radius: 3

35. Center: (—1, 2) 36. Center: (3, —2)
Point on circle: (0, 0) Point on circle: (—1, 1)

37. Endpoints of diameter: (2, 5), (4, —1)

38. Endpoints of diameter: (1, 1), (~1, —1)
39. Points on circle: (0, 0), (0, 8), (6, 0)

40. Points on circle: (1, —1), (2, —2), (0, —2)

In Exercises 43-50, write the equation’ of the circle in stan-
dard form and sketch its graph.

43. x> + y? - 2x+ 6y + 6 =0

4. x> + y* —2x+ 6y —15=0

45. x> + y* ~2x + 6y + 10==0
46. 3x* + 3y -6y — 1 =0

47, 2x* + 2y - 2x -2y -3 =0
48. 4x* + 4y —dx + 2y — 1 =0
49. 16x? + 16y2 + 16x + 40y — 7 =0
50, x2+ y2—4x+ 2y +3=0

In Exercises 53 and 54, sketch the set of all points satisfying
the inequality.

53.x° +y* ~dx+2y + 10
5. x - 1)* + (y = 2>



The Graph of an Equation < Intercepts of a Graph ¢ Symmetry of a Graph « Points of
Intersection + Mathematical Models

TABLE 2
x| 012 3 4
yt 71441 =214 -5

FIGURE 24

Solution points of 3x + y = 7.

FIGURE 25
The parabola: y = x? — 2

The Graph of an Equation

Consider the equation 3x + y = 7.The point (2, 1) is a solution point of the equation
because the equation is satisfied (is true) when 2 is substituted for x and 1 is substituted
for y. This equation has many other solutions, such as (1, 4) and (0, 7). To systemati-
cally find other solutions, solve the original equation for y.

Y= J == 3w Solve original equation for y
Then construct a table of values by substituting several values of x, as shown in
Table 2. From the table, you can see that (0, 7), (1, 4), (2, 1), (3, —2), and (4, —5)
are solutions of the original equation

3x + y =7.  Odginal equation

Like many equations, this equation has an infinite number of solutions. The set of all
solution points is the graph of the equation, as shown in Figure 24.

REMARK Even though we refer to the sketch shown in Figure 24 as the graph of 3x + y = 7,
it really represents only a portion of the graph. The entire graph would extend beyond the page.

In this course, you will study many sketching aids. The simplest is point plotting—
that is, plotting enough points so that the basic shape of the graph becomes apparent.

EXAMPLE 1  Sketching a Graph by Point Plotting
T

Sketch the graph of y = x* — 2.

Solution First, construct a table of values, as shown in Table 3.

TABLE 3

x| =2 | ~1 0 1123

y| 2| -1]|-2|-1]2]|7

Next, plot the points given by the table. Finally, connect the points by a smooth curve,
as shown in Figure 25. This particular graph is a parabola. It is one of the conic
sections you will study in Chapter 9. o

One disadvantage of point plotting is that to get a good idcg about the shape of a
graph, you may need to plot many points. With only a few points, you could badly
misrepresent the graph. For instance, suppose that to sketch the graph of

y= 5%;439 — 10x2 + x%)

you plotted only five points: (—3, —3), (—1, —1), (0, 0), (1, 1), and (3, 3) as shown
in Figure 26(a). From these five points, you might conclude that the graph is a line.
This, however, is not correct. By plotting several more points, you can see that the
graph is more complicated, as shown in Figure 26(b).

13
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Plotting only a few points can misrepresent a graph.

: TECHNOLOGY Modern technology has made sketching graphs easier. Even with
: technology, however, it is possible to badly misrepresent a graph. For instance, each of
: the graphing utility screens shown in Figure 27 shows a portion of the graph of

y = x> — x* - 25.

: From the screen on the left, you might assume that the graph is a line. From the screen
: on the right, however, you can see that the graph is not a line. Thus, whether you are
: sketching a graph by hand or using a graphing utility, you must realize that different
: “viewing rectangles” can produce very different views of a graph. In choosing a viewing

: rectangle, your goal is to show a view of the graph that fits well in the context of the
: problem. )

7]

-10 =35

FIGURE 27 ,
Graphing utility screens of y = x> — x? — 25,
Intercepts of a Graph

Two types of solution points that are especially useful are those having zero as their
x-coordinate or y-coordinate. Such points are called intercepts because they are the
points at which the graph intersects the x-axis or y-axis. The point (a, 0) is an
x-intercept of the graph of an equation if it is a solution point of the equation. To find
the x-intercepts of a graph, let y be zero and solve the equation for x. The point (0, b)
is a y-intercept of the graph of an equation if it is a solution point of the equation. To
find the y-intercepts of a graph, let x be zero and solve the equation for y.

REMARK  Some texts denote the x-intercept as the x-coordinate of the point (a, 0) rather than

the point itself. Unless it is necessary to make a distinction, we will use the term intercept to mean
either the point or the coordinate.

) It is possible for a graph to have no intercepts, or it might have several. For
Instance, consider the four graphs shown in Figure 28.

y

i _— ! o
FIGURE 28 i fu_ﬂ K; .
;

No x-intercepts Three x-intercepts One x-intercept
One y-mtercept One y-intercept Two y-intercepts

No intercepts



EXAMPLE 2 Finding x- and y-Intercepts
T o

Find the x- and y-intercepts of the graph of y = x* — 4.

Solution To find the x-intercepts, let y be zero and solve for x.

¥ —4x =0 Let y be zero
%
J %{od 2)()6 +2)=0 Factor
y=a3 - 4x 4y
34 X = O, 2, or =2 Solve for x
SIF Because this cquation has three solutions, you can conclude that the graph has three
-Int ts:
__L(_z.' 0) I ) ’—(0,‘0) (2’10) ' Xx-mntercepts
N ERR R 0, 0), (2, 0), and (-2, 0). seifireepts
-
=& To find the y-intercepts, let x be zero. Doing this produces y = 0. Thus, the y-
=3 intercept is
o (0, 0). y-intercept
FIGURE 29
Intercepts (See Figure 29.) P -}
= g BeSemEEE Symmetry of a Graph
The following three types of symmetry can be used to help sketch the graph of an
equation (see Figure 30).
(—x, » . x, y)

1. A graph is symmetric with respect to the y-axis if, whenever (x, y) is a point on
the graph, (~x, y) is also a point on the graph. This means that the portion of the
graph to the left of the y-axis is a mirror image of the portion to the right of the
y-axis.

2. A graph is symmetric with respect to the x-axis if, whenever (x, y) is a point on
the graph, (x, —y) is also a point on the graph. This means that the portion of the
graph above the x-axis is a mirror image of the portion below the x-axis.

3. A graph is symmetric with respect to the origin if, whenever (x, y) is a point on
the graph, (—x, —y) is also a point on the graph. This means that the graph is
unchanged by a rotation of 180° about the origin.

y-Axis Symmetry

/ Knowing that a graph has symmetry before attempting to sketch it is helpful
(C)) because it reduces the number of solution points you need to find.

—“<—’—"" Tests for Symmetry

\.{"' R4 1. The graph of an equation in x and y is symmetric with respect to the y-axis
if replacing x by —x yields an equivalent equation.
2. The graph of an equation in x and y is symmetric with respect to the x-axis
if replacing y by —y yields an equivalent equation.
. The graph of an equation in x and y is symmetric with respect to the origin
if replacing x by —x and y by —y yields an equivalent equation.

x-Axis Symmetry 3

EXAMPLE 3 Testing for Origin Symmetry
==
x, Show that the graph of . , ¥= 253 = x
= 3 = -
B} y = 2x x :
,: is symmetric with respect to the origin. _
=x =) . 1+ (1 n
Solution
3 1 /-\ } JI
y=2x—x Original equation ~2 -1 N1 2
Origin Symmetry
(-1, =D ~i7
RIGLRESD S —y = 2(—x)> = (—x)  Replace xby —xand yby ~y
et
—y = —2x° + x Simplify
FIGURE 31
y=2x*—x Equivalent equation Origin symmetry

Because the replacement produces an equivalent equation, you can conclude that the
graph of y = 2x® — x is symmetric with respect to the origin, as shown in Figure 31.

18
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FIGURE 32

First, plot the points above the
x-axis, then use symmetry to
complete the graph.

FIGURE 33
Two points of intersection.

EXAMPLE 4 Using Symmetry to Sketch a Graph

Sketch the graph of x — y* = 1.

Solution The graph is symmetric with respect to the x-axis because replacing y by
—y yields an equivalent equation.

x — y* =1 Original cquation
% ==

X == y2 =1 Equivalent equation

1 Replace y by —y

This means that the portion of the graph below the x-axis is a mirror image of the
portion above the x-axis. To sketch the graph, first sketch the portion above the x-axis.
Then reflect in the x-axis to obtain the entire graph, as shown in Figure 32. oz

Points of Intersection

A point of intersection of the graphs of two equations is a point that satisfies both
equations. You can find the points of intersection of two graphs by solving their
equations simultaneously.

EXAMPLE 5 Finding Points of Intersection

Find all points of intersection of the graphs of

x2—y =13 and x—y=1

Solution™ It is helpful to begin by sketching the graphs of both equations on the same
coordinate plane, as shown in Figure 33. When this is done, it appears that the two
graphs have two points of intersection. To find these two points, you can use the
following steps. '

W= x2—3 Solve first equation for y

y=x—1 Solve second equation for y
x2=-3=x—1 Equale y-values
x}—x-2=0 Write in standard form

x-=2)x+1)=0 Factor

x=2o0r —1 Solve for x

The corresponding values of y are obtained by substituting x = 2 and x = —1 into
either of the original equations. Doing this produces two points of intersection:

(2,1) and (—1, —2). Points of intersection

You can check these points by substituting into both of the original equations.




The increasing concentration of car-
bon dioxide in the earth's atmo-
sphere has been measured at the
Mauna Loa Observatory in Hawaii.

Mathematical Models

Real-life applications of mathematics often use equations as mathematical models. In
developing a mathematical model to represent actual data, you should strive for two
(often conflicting) goals: accuracy and simplicity. That is, you want the model to be
simple enough to be workable, yet accurate enough to produce meaningful results.

EENEATIES
Between 1960 and 1990, the Mauna Loa Observatory in Hawaii recorded the carbon

dioxide concentration y (in parts per million) in the earth’s atmosphere. The January
readings for each year are shown in Figures 34 and 35. In Figure 34, a linear model,

EXAMPLE 6 The Rise in Atmospheric Carbon Dioxide
it

y = 313.6 + 1.24¢, Linear model
where ¢ = 0 represents 1960, has been fit to the data. In Figure 35, a quadratic model,
y = 316.2 + 0.70¢ + 0.018¢2, . Quadratic model

has been fit to the data. Which model better represents the data? In the July, 1990 issue
of Scientific American, these data were used to predict the carbon dioxide level in the
earth’s atmosphere in the year 2035. The prediction was 470 parts per million. Which,
if either, of the two models could have been used to make this prediction?

5 g

) 5

a, [<%

. @

g g

[+ 9 [=%

8 &

3 A S S S S N 3 — i
ST T 5 o 15 20 25 3 871 ¥ 10 5 2 25 30

Year (1960 < Q) Year (1960 = Q)

FIGURE 34 FIGURE 35

Solution To answer the first question, you need to define what “better” means.
When a statistical definition involving the squares of the differences between the actual
y-values and the y-values given by the model is used, the quadratic model is better. This
conclusion is shared by the author of the Scientific American article. If the linear model
with ¢ = 75 (for 2035) were used, the prediction would be

y = 313.6 + 1.24(75) = 406.6. Linear model
If the quadratic model were used, the prediction for 2035 would be

y = 316.2 + 0.70(75) + 0.018(75)* = 469.95.  Quadratic model ERERAR

REMARK  These models were developed using a procedure called least squares regression (see
Section 13.9). The linear model has a correlation given by r* = 0.984. The quadratic model has
a correlation given by r* = 0.997,

17



In Exercises 1-6, match the equation with its graph. {Graphs
are labeled (a), (b), (c), (d), (e), and (f).]

LLy=x-2 2.y=~5'x+2
y=x"+ 2 4.y =9 - x?
S.y=4-x? 6. y=x>~x

(a)

e
i\
(c) (d) {
3
N < S
1
2 s o=
(e (£) ¥
i
3
2
1
3-2-1 | 1 2 3

In Exercises 7-16, find the intercepts.

T.y=2x -3 8 y=(x~-1(x-3)
9. y=x+x-2 10. y? = x° — 4x
11 y = /9 — x? 12. xy = 4

x—1 x* + 3x
13,y = 14, y=———
A YT Gr+ 1y

16. y = 2x — Vx* + 1

In Exercises 17-26, check for symmetry with respect to both
axes and to the origin.

17. y = x2 - 2

15.x1y;x2+4y=0

18. y = x* — x2 + 3

19. %% — x2 4+ 4y =0 20. xy — V4 — x2 =
2L y? = x? — 4% 22. xy? = —-10
.y=x>+x 24, xy = 1

X
2'5"v:)c2+l

26. y=x>+x-3

In Exercises 27-30, determine whether the points lie on the
graph of the equation.
27. Equation: 2x — y=3=0

Points: (1, 2), (1, —1), (4, 5)

28. Equation: x> + y2 =4
Points: (1, =V/3), G, =1), 3, }
29. Equation: x%y — x2 + 4y = 0
Points: (1, 1), (2, (-1, -2)
30. Equation: x? — xy + 4y = 3
Points: (0, 2), (=2, =), (3, —6)

In Exercises 31-46, sketch the graph of the equation. Identify
any intercepts and test for symmetry.

3.y =x R.y=x-2
B.y=x+3 M. y=2x-3
1
B.oy=-3x+2 36.y=—§x+2
1 2
37.y=-2-x-4 8. y=x"+3
39. y=1-x? 40, y = 2x* + x
4. y=x*+2 42. y =\/9 - x?
43y = (x + 2)? 44. x=y? - 4
1
45, y = - 46. y = 2x*
X

8 In Exercises 47-52, use a graphing utility to graph the equa-

tion. (It may be necessary to solve for y and plot two equa-
tions.) Identify any intercepts and test for symmetry.

47. y = 2P+ x + 1 48. y = x* ~ |
5
49, y = x\/25 — x? 50.y=—ﬁ—l—l
%
51 x2 + 4y? = 52. 2 +y* =9

In Exercises 53~56, create an equation whose graph has the
indicated property. (There is more than one correct answer.)
53. The graph has intercepts atx = —2, x = 4, and x = 6.
54. The graph has intercepts at x = — %, x = 2, and x = E
§S. The graph is symmetric with respect to the origin.

56. The graph is symmetric with respect to the x-axis.

In Exercises 57-64, find the points of intersection of the
graphs of the equations and check your results.

57. x+y=2 58. 2x — 3y =13
2x == 1 Sx +3y= 1
9. x+ y= 7 60, x*+ y2 =125
3Ix — 2y =11 2x+y =10
6l x>+ y* =35 62. x2+y=4
x —y =1 2x —y =1
63.y=1x° 64. x =3 — y?
y=2x y=x-—-1



([l Lines; in thet Planeh

The Slope of a Line * Equations of Lines * Sketching the Graph of a Line * Parallel and
Perpendicular Lines :

The Slope of a Line

The slope of a nonvertical line is a measure of the number of units a line rises (or falls)
vertically for each unit of horizontal change from left to right. Consider the two points
(x1, y1) and (xz, y2) on the line in Figure 36. As you move from left to right along this
line, a vertical change of

y Ay = y; — »n Change in y
T (x5, ¥7) units corresponds to a horizontal change of
Ax = x3 — xi Change in x

units. (A is the Greek uppercase letter delta, and the symbols Ay and Ax are read “delta
y” and “delta x.”)

I x X3
RIGUIRE 5 , Definition of the Slope of a Line
Ay = y, — y1 = changeiny
Ax = x, — x; = changeinx The slope m of a nonvertical line passing through the points (xi, yi) and
(x2,y,) is
A =
R RE Cle R
Ax X2 — X
REMARK When using the formula for slope, note that
Yo 7Y - —Y2)=)’x‘}’2
x=x ~(o~x) x - X
It does not matter in which order you subtract as long as you are consistent and both “subtracted
coordinates” come from the same point.
Figure 37 shows four lines: one has a positive slope, one has a slope of zero, one
has a negative slope, and one has an “undefined slope.”
y y b,
4 i A= - 4 (€} 41
= - nm, —
3 e 3|2 =0 3
-5
-1 2 2, 2) ;
¢ 2-' 0)-~ 1 /£3/1)'/ 1 : ; A
’_..'/' - I 5 E = - x
-2 =1 [ 2. =l i 2 B -1 2 3 4 -1 12 4
P - -1 =i (1, -1) -1
If m is positive, then If m is zero, then the If m is negative, then If the line is vertical, then
the line rises. line is horizontal. the line falls. the slope is undefined.

FIGURE 37
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FIGURE 39
Point-slope equation of a
line.

Equations of Lines

Any two points on a nonvertical line can be used to calculate its slope. This can be
verified from the similar triangles shown in Figure 38. (Recall that the ratios of
corresponding sides of similar triangles are equal.)

(%, %)

(%20 Y2)

xio)
IS ) I

D Vil A P e 7
g e g

Xyt SRSy = X

FIGURE 38
Any two points on a line can be used
to determine its slope.

You can write an equation of a line if you know the slope of the line and the
coordinates of one point on the line. Suppose the slope is m and the point is (x, y1).
If (x,y) is any other point on the line, then

Yy TN

X — Xy

This equation, involving the two variables x and y, can be rewritten in the form
y — y1 = m{x — x;), which is called the point-slope equation of a line.

Point-Slope Equation of a Line

An equation of the line with slope m passing through the point (x), 1) is
given by

y — yi=mlx — x).

EXAMPLE 1 Finding an Equation of a Line
EErEEabTIE

Find an equation of the line that has a slope of 3 and passes through the point (1, —2).

Solution

Yy — y1 = m(x — x;)  Point-slope form

y = (—2) o, 3()( = l) Substitute —2 for y;, 1 for x;, and 3 for m
y+2=3x-3 Simplify
by, = 3x—5 Solve for y

(See Figure 39.)

The slope of a line can be interpreted as either a razio or a rate. If the x-axis and
y-axis have the same unit of measure, then the slope has no units and is a ratio. If the
x-axis and y-axis have different units of measure, then the slope is a rate or rate of
change. As you study this text, you will encounter applications involving both interpre-
tations of slope.
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EXAMPLE 2 Population Growth and Engineering Design
RS

a. The population of Arizona was 1,775,000 in 1970 and 2,718,000 in 1980. Over this
10-year period, the average rate of change of the population was

Ch i lati
Rate o chiiings = ange in population

Change in years
2,718,000 — 1,775,000

T 1980 - 1970
= 94,300 pcople per year.

If Arizona’s population had continued to increase at this same rate for the next 10
years, it would have had a 1990 population of 3,661,000. In the 1990 census,
however, Arizona’s population was determined to be 3,665,000, so the population’s
rate of change from 1980 to 1990 was a little greater than in the previous decade
(see Figure 40).

b. In tournament water-ski jumping, the ramp rises to a height of 6 feet on a raft that
is 21 feet long, as shown in Figure 41. The slope of the ski ramp is the ratio of its
height (the rise) to the length of its base (the run).

Slope of ramp = — = —— = —

\N\/}\. -VAFA“" “““ S g oa )
fo—————— —— 2L ft !

FIGURE 41 G
Dimensions of a water-ski ramp.

REMARK  The rate of change found in Example 2a is an average rate of change. An average
rate of change is always calculated over an interval. In this case, the interval is [1970, 1980].

Later in the text you will study another type of rate of change called an instantaneous rate of
change.

Sketching the Graph of a Line

In Section 2, we mentioned that many problems in analytic geometry can be classified
in two basic categories: (1) Given a graph, what is its equation? and (2) Given an
equation, what is its graph? The point-slope equation of a line can be used to solve
problems in the first category. However, this form is not especially useful for solving
problems in the second category. The form that is better suited to sketching the graph
of a line is the slope-intercept form for the equation of a line.

The Slope-intercept Equation of a Line

The graph of the linear equation
y=mx+b

is a line having a slope of m and a y-intercept at (0, b).

21



EXAMPLE 3 Sketching Lines in the Plane
——

Sketch the graphs of the equations.
a.y=2x+1 b. y=2 c¢3y+x-6=0

Solution

a. Because b = 1, the y-intercept is (0, 1). Because the slope is m = 2, you know that
the line rises 2 units. for each unit it moves to the right, as shown in Figure 42(a).

b. Because b = 2, the y-intercept is (0, 2). Because the slope is m = 0, you know that
the line is horizontal, as shown in Figure 42(b).

¢. Begin by writing the equation in slope-intercept form.

3y +x—-6=0 Original equation
Jy=~-x+6 Isolate y-term on the left
1
W == -:;x + 2 Slope-intercept form
In this form, you can see that the y-intercept is (0, 2) and the slope is m = — %. This

means that the line falls 1 unit for every 3 units it moves to the right, as shown in
Figure 42(c).

y

y=2+1

3+ y =2
Ay =2 —_——— =
| ©, 2

1+

+ f— x t { f—x

2 3 1 2 &

(a) m = 2; line rises. (b) m = 0; line is horizontal. (c) m = —-;; line falls.

FIGURE 42 e

Because the slope of a vertical line is not defined, its equation cannot be written
in the slope-intercept form. However, the equation of any line can written in the
general form

Ax+By+C= 0

where A and B are not both zero. For instance, the vertical line given by x = a can be
represented by the general formx — a = 0.

Summary of Equations of Lines

1. General form: Ax + By + C=20
2. Vertical line: x=a

3. Horizontal line: y=25b

4. Point-slope form: y = y = mlx — x1)
5. Slope-intercept form: y=mx +b

‘REMARK Three points arc collinear if they lie on the same line.

Parallel and Perpendicular Lines

The slope of a line is a convenient tool for determining whether two lines are parallel
or perpendicular, as shown in Figure 43.



Paralle! and Perpendicular Lines

L. Two distinct nonvertical lines are parallel if and only if their slopes are

equal.

2. T\fvo non.vertical lines are perpendicular if and ouly if their slopes are neg-
ative reciprocals of each other. That is, if and only if

iy =

i

n;

i

my

/

Parallel Lines

FIGURE 43

2x =3y =17

FIGURE 44
Lines parallel and perpendicular to
2x — 3y = 5.

i = m, N

M,

Perpendicular Lines

EXAMPLE 4  Finding Parallel and Perpendicular Lines

Find the general forms of the equations of the lines that pass through the point (2, —1)
and are

a. parallel to the line 2x — 3y = 5§
b. perpendicular to the line 2x — 3y = 5

as shown in Figure 44,

Solution By writing the linear equation 2x — 3y = 5 in slope-intercept form
y = %x — £, you can see that the given line has a slope of m = 3.

a. The line through (2, —1) that is parallel to the given line also has a slope of %.

2
y— (=1 = E(X - 2) Point-slope form

3y + 1) = 2(x ~ 2) Simplify
2x —3y—7=0 General form

Note the similarity to the original equation.

b. Using the negative reciprocal of the slope of the given line, you can determine that
the slope of a line perpendicular to the given line is — 2. Therefore, the line through
the point (2, —1) that is perpendicular to the given line has the following equation.

3
g (=)= _E(X — 2)  Pointslope form

2(y + 1) = =3(x — 2) Simplify
3x+2y —4=0 ¢ General form

:TECHNOLOGY The apparent slope of a line will be distorted if you use different
! tic-spacing on the x- and y-axes. For instance, the graphing calculator screens in
- Figures 45 and 46 both show the lines given by y = 2xand y = — 3x + 3. Because
: these lines have slopes that are negative reciprocals, they must be perpendicular. In
: Figure 45, however, the lines don’t appear to be perpendicular because the tic-spacing
+on the x-axis is not the same as the tic-spacing on the y-axis.

%)
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FIGURE 45 FIGURE 46

Tic-spacing on the x-axis is not the
same as the tic-spacing on the y-axis.

o

:n Ex.(ercises 9-12, plot the pair of points and find the slope of
he line passing through them.

9.3, -4), (5.2) 10. (2, 1), (2, 5)
L2249  12G)E-D

In Exercises 13-16, use tl;e point on the I_i;le ami the slope of

‘the line to find three additional points that the line passes

through. (There is more than cne correct answer.)

Point Slope Point Slope
13. (2, 1) m=0 14. (-3, 4) m undefined
15. (1, 7) m= =3 16. (-2, —2) m=2

In Exercises 19-22, find the slcpe and the y-intercept (if pos-
sible) of the line.

19. x + 5y =20
2. x =4

20. 5x ~ 5y = 15
2. y=-1

In Exercises 23-28, find an ecuation for the line that passes
through the points, and sketch the line.

23, (2, 1), (0, —=3) 24, (-3, —4), (1, 4)
25. (0,0), (—1,3) 26, (—3,6), (1, 2)
2., -2,6 -0 28 GG -3

In Exercises 29-34, find an equation of the line that passes
through the point and has the indicated slope. Sketch the line.

Point Stope }:oiz_t__ Slope _
29. Z(;;) ;:_3 30. (—1,2) m undefined
3. 0,00 m=3% 32. (-2, 4) m=—%
33. (0,2) m =4 34. (0,4 m=0
35. Find an equation of the vertical line \x_/ith x-intercept at_ﬂ3._'_

Tic-spacing on the x-axis is the same
as the tic-spacing on the y-axis.

36. Show that the line with intercepts {(a, 0) and (0, b) has the
following equation.

x Yy
Ii2=1, a#0,b6#0
a b

In Exercises 37-40, use the result of Exercise 36 to write an

) equation of the indicated line.

37. x-intercept: (2, 0)
y-intercept: (0, 3)

39. Point on linc: (1, 2)
x-intercept: (a, 0)
y-intercept: (0, a)
(a # 0}

38. rintercept (~ 2, 0)
y-intercept: (0, —2)
40, Point on line: (—3, 4)
x-intercept: (a, 0)
y-intercept: (0, @)
(a #0)

in Exercises 41-46, write equations of the lines through the-
point (a) parallel to the given line and (b) perpendicular to the
given line. '

Point Given Line
41, (2, 1) 4x -2y =3
42.(-3,2) xt+y=7
43. (2.3 S5x+3y=0
44, (-6, 4) Ix+4y =7

45. (2, 5) x =4
46. (—1,0) y = -3

In Exercises 55 and 56, determine whether the three points
are collinear.

55. (=2, 1), (-1, 0), (2, —2)
56. (0, 4), (7, —=6), (=5, 11)
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FIGURE 47
A real-valued functior f
of a real variable.
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Function < Transformations of Functions « Classifications and Combinations of Functions

Functions and Function Notation

A relation between two sets X and Y is a set of ordered pairs, each of the form (x, y)
where x is a member of X and y is a member of Y. A function from X to Y is a relation
between X and Y that has the property that any two ordered pairs with the same x-value
also have the same y-value. The variable x is the independent variable, and the
variable y is the dependent variable.

Many real-life situations can be modeled by functions. For instance, the area A of
a circle is a function of the circle’s radius r. In this case r is the independent variable
and A is the dependent variable.

Definition of a Real-Valued Function of a Real Variable

Let X and Y be sets of real numbers. A real-valued function f of a real vari-
able x from X to Y is a correspondence that assigns to each number x in X
exactly one number y in Y.

The domain of fis the set X. The number y is the image of x under fand is
denoted by f(x). The range of f is a subset of ¥ and consists of all images of
numbers in X (see Figure 47).

Functions can be specified in a variety of ways. In this text, however, we will
concentrate primarily on functions that are given by equations involving the dependent
and independent variables. For instance, the equation x + 2y = 1 defines y, the depen-
dent variable, as a function of x, the independent variable. To evaluate this function
(that is, to find the y-value that corresponds to a given x-value), it is convenient to isolate
y on the left side of the equation.

1
==(1-x
pe= gl )
Using f as the name of the function, you can write this equation as

1
f(x) = 5(1 = x), Function notation

Function notation has the advantage of clearly identifying the dependent variable
as f{(x) while at the same time telling you that x is the independent variable and that
the function itself is “ £.”" The notation f(x) is read “ f.of x.” Function notation allows
you to be less wordy. Instead of asking “What is tlie value of y that corresponds to
x = 37 you can ask “What is f(3)?"

“Inan equation that defines a function, the role of the variable x is simply that of

a placeholder. For instance, the function given by

f(x) - 2x% = 4x + 1

can be described by the form

FOYy=2( P-4 )+1

where parentheses are used instead of x. To evaluate f(=2), simply place ~2 in each
set of parentheses.

F(=2) = 2(=2F - 4(=2) + 1

2(4) + 8 + 1
=17 25

i



REMARK Although f is often used as a convenient function name and x as the independent
variable, you can use other symbols. For instance, the following equations all define the same

function.

0 = -

EXAMPLE 1

ax+7, fO=0-4+7 g=s—4ds+7

Evaluating a Function

For the function f defined by f(x) = x* + 7, evaluate the following.

. flx +Ax) — f(x)

- Ax # 0
a. f(3a) b. f(b—1) ' " X
Solution
a. f(3a) = (30)2 sz Replace x with 3a
=09q% + 7 Simplify
b. flb— 1) =(b— 12+ 17 Replace x with b — 1
=p2—-2b+1+7 Expand binomial
=p* - 2b+ 8 Simplify
flx + Ax) — fx) _[(x+ Ax? + 7] — (x*+7)
« Ax - Ax
X +2bx (AT - xP - 7
- Ax
_ 2xAx + (Ax)?
Ax
_ b 2x + Ax)
Ax

= 2x + Ax, Ax # 0

REMARK The expression in Example lc is called a difference quotient and has special

significance in calculus. We will say more about this in Chapter 2.

Range: y = 0
____.T——j——> <

Domain: x = |

FIGURE 48 ‘
The domain of f(x) is [1, ©) and * .e
range is [0, ).
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The Domain and Range of a Function

The domain of a function can be described explicitly, or it may be described implicitly
by an equation used to define the function. The implied domain is the set of all real
numbers for which the equation is defined. For example, the function given by

1

fBeg—y d=x=s

has an explicitly defined domain given by {x: 4 = x =< 5}. On the other hand, the
function given by

glx) =

x2 -4

has an implied domain which is the set {x: x # *2}.

EXAMPLE 2 Finding the Domain and Range of a Function
ey

a. The domain of the function
[ =vVx -1

is the set of all x-values for which x ~ 1 = 0, which is the interval [1, ). To find
the range, observe that f(x) = \/x — 1 is never negative. Moreover, as x takes on

the various values in the domain, f(x) takes on all nonnegative values. Thus, the
range is the interval [0, ), as indicated in Figure 48.



b. The domain of the function
S = VAT =5 =6

is the set of all x-values such that x> — x — 6 = 0. Using the techniques shown in
Example 4 in Section 1, you can ‘conclude that the domain is

(0, —2] U [3, ).

EXAMPLE 3 A Function Defined by More than One Equation

Determine the domain and range of the following function.

‘; F) = 1 —x ifx <1
~ PUWA-L dfx =1
s\
[=14)
5 ! Sofution Because fis defined for x < 1 and x = 1, the domain is the entire set of
N _;—'*—i_’ o real numbers. On the portion of the domain for which x = 1, the function behaves as
R in Example 2. For x < 1, the values of 1 — x are positive. Therefore, the range of the
e el reat x function is the interval
FIGURE 49
0, ). R
The domain of f(x) is (—, =) and the [ ) £
range is [0, o). (See Figure 49.)

A function from X to Y is one-to-ene if to each y-value in the range there
corresponds exactly one x-value in the domain. For instance, the function given in
Example 2a is one-to-one, whereas the function given in Example 3 is not one-to-one.
If the range consists of all of ¥, then the function is called onto.

The Graph of a Function

The graph of the function y = f(x) consists of all points (x, f{x)), where x is in the

yy=f domain of f. In Figure 50, note that
(x, fG) . . .
y x = the directed distance from the y-axis
N ) f(x) = the directed distance from the x-axis.
i
J x A vertical line can intersect the graph of a function of x at most once. This
x : observation provides a convenient visual test (called the vertical line test) for functions
FIGURE 50 of x. For example, in Figure 51(a), you can see that the graph does not define y as a
The graph of a function. function of x because a vertical line intersects the graph twice.
——- : y
y Yy

j S ¥ =4 N
|!|l L T -
12.\_4/5\
|
1
L] :

(a) Not a function of x {b) A function of x ©) A function of x

FIGURE 51
The vertical line test for functions.
Figure 52 shows the graphs of six basic functions. You should be able to recognize

these graphs.

-3-2-1

FIGURE 52 7 y ;
4+ 2 ]
L2
T es ] &) = x| 5 foy =~
——t = 2T I t . f(X = \/; :
-2 -l T 2 —— —
i+ flo) =« il -1 12
. l f@ = 1 —l
T T T } x =
-2 I 1 2 2 -t « a— T L
23 = SR I S ]

(a) Identity function (b} Squaring functica {c) Cubing function

() Square root function (¢} Absolute value function () Rational function

2
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-2 -l i
FIGURE 53
The original graph.

Transformations of Functions

Some families of graphs have the same basic shape. For example, consider the graph
of y = x? as shown in Figure 53. Now compare this graph with those shown in
Figure 54.

(a) Vertical shift upward . (b) Horizontal shift to the left

y y

b gl \

4
2 39

y=1-(x+3)

2+ 2

N A AN

1 : , \
A2 12 = NIREE)
y ==t -2+
=gule
2 ‘ +

(¢) Reflection (d) Shift to the .leﬁ, reflect,
and then shift upward

FIGURE 54
Transformations of the graph of y = x2

Each of the graphs in Figure 54 is a transformation of the graph of y = x*. The
three basic types of transformations illustrated by these graphs are vertical shifts,
horizontal shifts, and reflections. Function notation lends itself well to describing
transformations of graphs in the plane.

Basic Types of Transiormations (¢ > 0)

Original graph: y = f(x)
Horizontal shift ¢ units to the right: y = f(x — ¢
Horizontal shift ¢ units to the left: - y= flx +¢)
Vertical shift ¢ units downward: y=f(x) — ¢
Vertical shift ¢ units upward: y=fx)+c
Reflection (about the x-axis): y = —f({x)
Refiection (about the y-axis): y = f(—x)

Classifications and Combinations of Functions

The modern notion of a function was derived from the efforts of many seventeenth- and
eighteenth-century mathematicians. Of particular note was Leonhard Euler (1707-
1783), to whom we are indebted for the function notation y = f(x). By the end of the
eighteenth century, mathematicians and scientists had concluded that most real-world
phenomena could be represented by mathematical models taken from a basic collection
of functions called elementary functions.

Elementary functions are divided into three categories: (1) algebraic, (2) trigono-
metric, and (3) logarithmic and exponential. We will review the trigonometric func-

tions in Section 6 of this preliminary chapter and introduce the remaining elementary
functions in Chapter 5.



The mcst common type of algebraic function is a polynomial function

f(x) = aux™ + @ueix™ '+ o+ x4 ax + ao, a, # 0

where the positive integer n is the degree of the polynomial function. The numbers a;
are coefficients, with a, the leading coefficient and ao the constant term of the
polynomial function. It is common practice to use subscript notation for coefficients of
general polynomial functions, but for polynomial functions of low degree, the following
simpler forms are often used.

Zeroth degree:  f(x) = a Constant function
First degree:  f(x) =ax + b
Second degree: f(x) = ax* + bx + ¢

Third degree:  f(x) = ax® + bx* + ¢cx + d

Linear function
Quadratic function

Cubic function

Although the graph of a polynomial function can have several turns, eventually the
graph will rise or fall without bound as x moves to the right or left. Whether the
graph of

fX)=ax" +a_x"'+ -+ ax+ ax +a

eventually rises or falls can be determined by the function’s degree (0odd or even) and
by the leading coefficient a,, as indicated in Figure 55. Note that the dashed portions
of the grapts indicate that the leading coefficient test determines only the right and
left bebavior of the graph.

a,>0 a, <0 a,>0 a, <0
Y y 3 Y
tl 7y r T \ Up tg
T R : ,-\‘ Upto, “lefl
Vi Yo P _ right f Y
Al [ [ % N ’ SFCAT2N
U t\ £Y) ,’ s \\\ _,’ ‘\
; ? G Upto + Down \ Down to /| Down *= Down to s
eft | right ;  toleft | right 1 | to lefs rght
t 1 ' ’ \

Graphs of polynomial functions of even degree

FIGURE 55

The leading coefficient test for polynomial functions.

Graphs of polynomial functions of odd degree

Just as a rational number can be written as the quotient of two integers, a rational
function can be written as the quotient of two polynomials. Specifically, a function f
is rational if it has the form

c p(x)
Fot) = el g(x) # 0
where p(x) and g(x) are polynomials.
Polynomial functions and rational functions are examples of algebraic functions.
An algebraic function of x is one that can be expressed as a finite number of sums,
differences, multiples, quotients, and radicals involving x". For example, f(x) =
V/x + 1 is algebraic. Functions that are not algebraic are transcendental. For in-
stance, tte trigonometric functions discussed in Section 6 are transcendental.
Two functions can be combined in various ways to create new functions. For
example, given f(x) = 2x — 3 and g(x) = x? + 1, you can form the following func-
tions.

f+gx)=@x -3+ P +1)=x2+2x-2 Sum
f(x) —glx) = (2x—3) — (Xz +1) = —x2+2x— 4 Difference
figx) = 2x — N+ 1) =2x> —3x2+ 2x -~ 3 Produt
f;(fz = = Quotient

glx) x*+1

X

29
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fg

F(g(x)

Domainof g |
Domain of f

FIGURE 56
The domain of the composite function

feg.

(-1, 0) ©, 0) /1, 0),
_3 1 2

X

T ofa=x -

You can combine two functions in yet another way to form a composite function.

Definition of Compaosite Function

K .
Let £ and g be functions. The function given by (f ° g)(x) = flg(x)) is called
the composite of f with g. The domain of f © g is the set of all x in the domain
of g such that g(x) is in the domain of f (see Figure 56).

The composite of £ with g may not be equal to the composite of g with f.

EXAMPLE 4 Finding Composites of Functions

TRy

Given f(x) = 2x — 3 and g(x) = x* + 1, find

a. fog b. ge f.
Solution
2 (fegx) = flglx)) = 2(g(x)) ~3 =2(:>+ 1) -3

=2x2 -1
b. (g° f)x) = g(f(x)) = (f()P +1 =Q2x -3+ 1
=4x? - 12x + 10

Not§ t_hat (f <) 5),(1\7) ' _(_g °f_ )(x).

In Section 3, we defined an x-intercept of a graph to be a point (g, 0) at which the
graph crosses the x-axis. If the graph represents a function f, then the number a is a
zero of f. In other words, the zeros of a function f are the solutions of the equation
f(x) = 0. For example, the function f(x) = x — 4 has a zero at x = 4 because
f(4) = 0.

In Section 3 we also discussed different types of symmetry. In the terminology of
functions, a function is even if its graph is symmetric with respect to the y-axis, and
is odd if its graph is symmetric with respect to the origin. The symmetry tests in
Section 3 yield the following test for even and odd functions.

Test for Even and Odd Functions

The function y = f(x) is even if f(—x) = f(x).
The function y = f(x) is odd if f(—x) = — f(x).

REMARK F_E)«;eg} for the constant function f(x) =0, —tl;e graph of a‘func.tion cannot have
symmetry with respect to the x-axis because it then would fail the vertical line test for the graph
of a function,

EXAMPLE 5 Even and Odd Functions and Zeros of Functions

o s

Determine whether the following functions are even, odd, or neither. Then find the
zeros of the functions.

a. f(x) = x> — x b. g(x) = x*+1

Solution

a. This function is odd because

fl=2) = (2 - =4

=—x>4+x
= -(* - %)
=~ f(x).
The zeros of f are found as follows.
’ 3-x=0 Let f(x) = 0
#(xP=-1)=x(x—Dx+1)=0 Factor

x =01, -1 Zeros of f
See Figure 57(a).



b. This function is even because
gl=x) = (=x* + 1 = x* + 1 = g(x).

It has no zeros because x* + 1 is positive for all x. See Figure 57(b).

. ) REMARK  Each of the functions in Example 5 is cither even or odd. However, some functions,
(b) Even function such as f(x) = x2 + x + 1, are neither even nor odd.

FIGURE 57
gx) = x4+

In Exercises 41 and 42, specify a sequence of transformations
that will yield the graph of each function from the graph of
the function f(x) = x°.

1. a glx) =4 — x°
b glx) = (x — 4)* + 2

In Exercises 1-12, evaluate (if possible) the function at the 42, a. h(x) = (x + 2 + 1
specified value(s) of the independent variable and simplify the b h(x) =5 — (x — 1)°
results. 43, Given f(x) = \/x and glx) = x” — 1, find the composite
L f(x) =2x -3 2 f(=x*—-2x+2 functions.
a. f(0) a f(3) a. f(g(1)) b. g(f(1))
b. £(=3) b. f(—1) ¢ g(f(0) d. f(g(-4))
¢ f(b) &x fild) e. flg(x) f. g(f(x)
d flx - 1) d f{x + Ax) 44. Given f(x) = 1/x and g(x) = x? ~ 1, find the composite
. fle)=Vx+3 4. j(x) = x| + 4 functions. :
a. f(=2) z f(2) a. f(g(2)) b. g(/(2))
b. f(6) b, f(=2) o f 1 d. gl f 4
¢ f(o) ¢ fx?» AFH Va2 v 18 V3
o = 6 ¢ f&+An - fx) e 8(f(1) £ flg(x)
5f(x)={2x+l’ x <0
) 2x+2, x=0 In Exercises 53-56, determine whether the function is even,
a. ft—1) b. f(0) s f(2) d. f@2+ 1) odd, or neither. .
fEwy x =1 53, f(0) =4 - x? S4. () = Vx
6. f(x) = {ZXZ +2, x>1 f
a. f(—2) b. £(0) . f(1) d. f(s* + 2) 55. f(x) = x(4 ~ x?) 56. f(x) = 4x — x*
T f)=x—x+1 8. -f(x) - 67. Area A rectangie has a perimeter of 100 feet (see figure).
’ > Express the area 4 of the rectangle as a function of x.
f2 + Ax — f(2) FL+ Ax) - f(1) 68. Area You have 200 feet of fencing to enclose two adjacent
= Ax rectangular fields (see figure). Express the area A of the e_nclo~
9. f(x) = 2 10, 7(x) = 3x — 1 sures as a function of x.

flx + Ax) - f(%) fx = f(1) T
Ax x =1 P

1
11. fx) = 12. f(x) = x* - x
Va1 z
) ~ ) £ — Q) FIGURE FOR 67 FIGURE FOR 68
2 — 2 x—1 ' .
69. Volume An open box is to be made from a square piece qf

In Exercises 13-20, find the domain and range of the func- material 12 inches on a side by cutting equal squares from
tion, and sketch’its graph. each corner and turning up the sides (see figure). Express the

' 4 volume V as a function of x.
18 A=t = 1. G = 5 70. Area A rectangle is bounded by the x-axis and the semicir-

cle y = V25 — x? (see figure). Write the area A of the

rectangle as a function of x.

15. A(x) = Vx — 1 16. fx)=4x3+2
17. f(x) = V9 — x? 18. h(x) = V25 — x*

BN E] eI
19. f(x) = |x ~ 2 20. fix) == e 5 Va5 a2
f() | I f) x {: . syl = 25—x2
In Exercises 29-36, determine whether y is a function of x, : :’ 4
29 x2+ yi=4 30, x = y? v N\ Y
M2+ y=4 32. x+y2=4 | ey J / 4 \
28, Phaft = 3. 27+ y —4y =0 [Cae * AF T b e
35y =x2 -1 36. <’y ~x2+4y =090 ’ e i k N ’
- - FIGURE FOR 69 FIGURE FOR 70

Sl
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Initial ray

FIGURE 58
Standard position of an
angle.

Angles and Degree Measure

An angle has three parts: an initial ray, a terminal ray, and a vertex (the point of
intersection of the two rays), as shown in Figure 58. An angle is in standard position
if its initial ray coincides with the positive x-axis and its vertex is at the origin. We
assume that you are familiar with the degree measure of an angle.* It is common
practice to use 8 (the Greek lowercase letter theta) to represent both an angle and its
measure. Angles between 0° and 90° are acute and angles between 90° and 180° are
obtuse.

Positive angles are measured counterclockwise, and negative angles are measured
clockwise. For instance, Figure 59 shows an angle whose measure is —45°. You cannot
assign a measure to an angle by simply knowing where its initial and terminal rays are
located. To measure an angle, you must also know how the terminal ray was revolved.
For example, Figure 59 shows that the angle measuring —45° has the same terminal ray
as the angle measuring 315°. Such angles are coterminal. In general, if & is any angle,
then

8 + n(360), n is a nonzero integer

is coterminal with 6.

An angle that is larger than 360° is one whose terminal ray has been revolved more
than one full revolution counterclockwise, as shown in Figure 60. You can form an
angle whose measure is less than —360° by revolving a terminal ray more than one
full revolution clockwise.

e —45°

FIGURE 59 FIGURE 60
Coterminal angles Coterminal angles

REMARK It is common to use the symbol 6 to refer to both an angle and its measure. For
instance, in Figure 60, you can write the measure of the smaller angle as 9 = 45°

Radian Measure

To assign a radian measure to an angle 6, consider 6 to be a central angle of a circle
of radius 1, as shown in Figure 61. The radian measure of # is then defined to be the
length of the arc of the sector. Because the circumference of a circle is 277, the
circumnference of a unit circle (of radius 1) is 27. This implies that the radian measure
of an angle measuring 360° is 27. In other words, 360° = 27 radians.

Using radian measure for , the length s of a circular arc of radius 7 is s = r6, as
shown in Figure 62.

g Arc lengthis 5 = r@.
The arc
length of the
sector is the
radian measure
of 6.
7
FIGURE 61 FIGURE 62

Unit circle Circle of radius r



You should know the conversions of the common angles shown in Figure 63. For
other angles, use the fact that 180° is equal to  radians.

@%@M\/\m, e

NEZAN

FIGURE 63

_11'
T4

/\/\yw

360° = 2

Radian and degree measure for szveral common angles.

&
o‘e‘&

o

Opposite

Adjacent

FIGURE 64
Sides of a right triangle.

FIGURE 65
An angle in standard position.

EXAMPLE 1 Conversions Between Degrees and Radians

= (40 )( ik ) = 2lfradians
2 e\ 150 deg) ~ O

1 rad
180 deg

s T 180 deg) "
S LI = == = —9(
c. > radians ( 3 rad)( =

97 180 de; i
d. 9—; radians = (_—_r nad> (———g> = 810

AT -4
b. —270° = (=270 deg)( ) = radians

2 r sad

The Trigonometric Functions

There are two common approaches to the study of trigonometry. In one, the trigono-
metric functions are defined as ratios of two sides of a right triangle. In the other, these
functions are defined in terms of a point on the terminal side of an angle in standard
position. We define the six trigonometric functions, sine, cosine, tangent, cotangent,
secant, and cosecant (abbreviated as sin, cos, etc.), from both viewpoints.

Definition of the Six Trigonometric Functions

Right triangle definitions, where 0 < § < %T (see Figure 64).

sing = -2 L tan = 22
hyp. hyp. adj.
hyp. dj.
csc(3=—y-p— 9—-—)l cot9=ﬂ—
opp. adj. opp.
Circular function definitions, where 8 is any angle (see Figure 65).
sing = 2 cosf == tan@ = 2
r r X;
csc0=: sec6=£ cot0=]—c
y X Y

The following trigonometric identities are direct consequences of the definitions. (¢
is the Greek letter phi.)

33
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Trigonometric |dentities [Note thar sin® 8 is used to represent (sin 6).]
s

Pythagorean identities:
sin? @ + cos’f = 1
tan 6 + 1 = sec’ @
co?§ + | = csc? B

Sum or difference of two angles:

sin{@ = ¢) = sinfcos¢d * cosfsin ¢

cos(f * ¢) = cosfcos¢ F sinfsin¢

tanf * tan¢
1 -+ = —_—
(6 Bt 1 ¥ tanftan¢

+

Law of Cosines:

a* = b2+ c? — 2bccos A

4

Law of Cosines

Reduction formulas:
sin(—0) = —sind
cos(—0) = cos@

tan(—@) = —tanf

Half-angle formulas:
1
sin* @ = 5(1 — cos20)

1
cos’f = 5(1 + cos20)

Reciprocal identities:

1

0 =—

cse peny
1

§ = —

sec cosf
1

g = —

co tan @

Evaluating Trigonometric Functions

sin = —sin(f — m)
cosh = —cos(f — )

tan® = tan(6 — )

Double angle formulas:

sin2f = 2sinfcosf
cos20 = 2¢cos*f — |

=1 — 2sin?0
= cos’f — sin® 0

Quotient identities:

sin@
tanf =

cost

cosf
cotd = —

sin f

There are two ways to evaluate trigonometric functions: (1) decimal approximations
with a calculator (or a table of trigonometric values) and (2) exact evaluations using
trigonometric identities and formulas from geometry. When using a calculator to
evaluate a trigonometric function, remember to set the calculator to the appropriate
mode—degree mode or radian mode.

EXAMPLE 2
Liom i

Exact Evaluation of Trigonometric Functions

. . T
Evaluate the sine, cosine, and tangent of 3

Solution Begin by drawing the angle 6 = 41/3 in the standard position, as shown in
Figure 66. Then, because 60° = /3 radians, you can draw an equilateral triangle with
sides of length 1 and @ as one of its angles. Because the altitude of this triangle bisects

its base, you know that x = 3. Using the Pythagorean Theorem, you obtain

FIGURE 66
The angle /3
in standard position.

y=\/72——7=\/1—<%)2=\/§=?-

Now, knowing the values of x, y, and r, you can write the following.

.7 _y_V32 3
sinw =% = ~—— = —
3 r 1 2
T oE_12 1
083 r 1 2
Ty V3/2.
ans =2 = YL /3
TS 1z A

REMARK All angles in the remainder of this text are measured in radians unless statcd
otherwise. For example, when we write sin 3, we mean the sine of three radians, and when we
write sin3°, we mean the sine of three degrees.



The degree and radian measures of several common angles are given in Table 4,

45° along with the corresponding values of the sine, cosine, and tangent (see Figure 67).
V2
l
TABLE 4
45° Common First Quadrant Angles
A I"
L Degrees | 0 | 30° | 45° | 60° 90°
n q aT aa a E
// Radians | 0 B 3 3 5
7 pe° ) 1. || V| Va
i 2 sin @ 0 E —2— '2— 1
/v Vil Val i
/ 4
7 O —— — -_—
| A = l5() cos @ 1 > 7 3 0
FIGURE 67 tan@ | 0 \{5 t | V3| Undefined
Common angles. 7
A The quadrant signs of the si i i i
g sine, cosine, and tangent functions are shown in Figure
] 68. To extend the use of Table 4 1o angles in quadrants other than the first quadrant,
Q;zdz:'i Q::d;a?:[ you can us.e the co'ncept of a reference angle (see Figure 69), with the appropriate
s 6 — | guadrgpt mgn. For instance, the reference angle for 37r/4 is /4, and because the sine
tanyBi= tan. B+ Is positive in the second quadrant, you can write
! 2 8m g7 V2
Quadrant IIT Quadrant [V SmT = +sz =
sin 0: — sin 8: ~
cos 6: — cos 6: + L
tan 6: + tan 6: ~ Similarly, because the reference angle for 330° is 30° and the tangent is negative in the
fourth quadrant, you can write
FIGURE 68 \/§
Quadrant signs for trigonometric tan330° = —tan30° = — ——,
functions. %
Refercnce ~ \
angle: 8’
2 ' A ﬁ ) ﬁ \
\‘ \ Reference
Reference angle: 8’
angle: 9’ -
Quadrant 1T Quadrant 111 Quadrant [V
8 = m — 6 (radians) @' = 0 — m (radians) 0’ = 27 — 0 (radians)
0" = 180° — 6 (degrees) 8 = 6 — 180° (degrees) 9" = 360° — 6 (degrees)

FIGURE 69

EXAMPLE 3 Trigonometric Identities and Calculators

G

Evaluate the trigonometric expression.

a. si (—1—7)
. sin 3

Solution

b. sec 60° c. cos(1.2)

a. Using the reduction formula sin(—6) = —sin#, you can write

1 (—Z) = —sinﬂ = —ﬂ
sin{ =3 3 R
b. Using the reciprocal identity sec6 = 1/cos#, you can write
1 1
60° = =—==12
see cos60° 1/2

c. Using a calculator, you can obtain
cos(1.2) = 0.3624.

Remember that 1.2 is given in radian measure. Consequently, your calculator must
be set in radian mode.
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3 03
y= -4
FIGURE 70
Solution points of sin # = :ZX—S

36

Solving Trigonometric Equations

How would you solve the equation sinf = 07 You know that 8§ = 0 is one solution, but
this is not the only solution. Any one of the following values of 8 is also a solution.

.y 3w, =2, —m, 0, w, 2, 3, . ..

You can write this infinite solution set as {nm : n is an integer}.

EXAMPLE 4  Solving a Trigonometric Equation

AR

Solve the equation

V3

ing = — <=
sSin 5

Solution To solve the equation, you should consider that the sine is negative in
Quadrants III and IV and that

T_\3

Slrl-g =] ~2—
Thus, you are seeking values of § in the third and fourth quadrants that have a reference
angle of 7/3. In the interval [0, 277 ], the two angles fitting these criteria are

P o T 4T o E= m S
= 1T —_—= — N = —_——= —
5 B ° "% B
By adding integer multiples of 277 to each of these solutions, you obtain the following
general solution. .

5
0= 4—371- + 20w or 6= ?W + 2nmr, where n is an integer.
(See Figure 70.) itiies ]
EXAMPLE 5 Solving a Trigonometric Equation

e i

Solve c0s28 = 2 — 3sinf, where 0 < 8 = 2.

Solution Using the double angle identity cos26 = 1 — 2sin” 8, you can rewrite the
equation as follows.
cos26 =2 — 3sinf Given equation
1 —2sin’0=2—3sin 6 Trigonometric identity

0 = 2sin’ 8 — 3sinf + 1 Quadratic form

0= (251[16 = 1)(511'16 - 1) Factor
If 2sin@ — 1 = 0, then sinf = 1/2 and § = 7/6 or 6 = 57/6. If sinf — 1 = Q,
then sinf = 1 and 8 = «/2. Thus, for 0 = § < 27, there are three solutions.

5]
=2, T and =
6 6 2



Graphs of Trigonometric Functions

A function fis periodic if there exists 2 nonzero number p such that flx+ p = fx)
for all x in the domain of f. The smallest such positive value of p (if it exists) is the
period of f. The sine, cosine, secant, and cosecant functions each have a period of 277,
and the other two trigonometric functions have a period of r, as shown in Figure 71.

X T
7 Domain: all reals 7 Domain: all reals Y Domain: all x # gt
Range: [-1, 1] Range: [—1, 1] s+  Range: (— o0, o)
6 Period: 27 61 Period: 27 4. Period: w
1 I ] 1
s+ st e A : i
i i H i
at ot ) 2 ! !
[ | i §
34 sl 1 1 1 i
== i 1 t 5
24_ Z'L t il w 1 27 1
y = sin x y = cos x :' ': i \
l_r_ | “[“2 I I i
] ! t I
i N 0 afs, v T : :
7 " 2% T
“i4 -1+ y = tan x
. . T
Domain: all x ¥ nw —- Domain: all x # 3 + nw Domain: all x # a7
otz Slandi, 5 Y Range: (=0, ~1] and [1, @) y Range: (mo0, )
eriod: 2 Period: 2 Period: 7
4L al eriod: 27 2
: ] 1 ] ] ] ) : :
: 31 ! i ARSI : ! 3+ : i
L\ 7 AU
T €1 3 1 l 1 ]
j == T | I =S Lel ! \
’: 8 } f }——‘: x —4 i U t t x } t - x
i AN i I : ! 1 fe 2
: 1 ! : 1 { t | i 1
! 2 | -2t : ! i : :
| _ 1 _a 1 [ 1 i )
'. e | T I : : I : :
1 1 .
= ¢sC x = T = gec x = = eotisd =
4 sin X ’ § Cos X corx tan x

FIGURE 71
The graphs of the six trigonometric functions.

Note in Figure 71 that the maximum value of sin x and cos x is 1 and the minimum
value is —1. The graphs of the functions y = a sinbx and y = acosbx oscillate
between —a and @, and hence have an amplitude of | a|. Furthermore, because
bx = 0 when x = 0 and bx = 27 when x = 2m/b, it follows that the functions
y = asinbxand y = acosbx each have a period of 27/| b . Table 5 summarizes the
amplitudes and periods for some types of trigonometric functions.

TABLE 5
Function Period Amplitude

2w

y = asinbx or y = acosbx m | al
™ .

y = atanbx or y = acotbx m Not applicable
27 ;

y =asechx or y =acschx |—b| Not applicable

y £ = 3 cos 2x XAMPLE 6 Sketching the Graph of a Trigonometric Function

Sketch the graph of f(x) = 3 cos2x.

Solution The graph of f(x) = 3cos2x has an amplitude of 3 and a period of
2m/2 = 1. Using the basic shape of the graph of the cosine function, sketch one period
of the function on the interval [0, 7], using the following pattern.

Maximum: (0, 3) Minimum: (Z —3) Maximum: [, 3]

Period = 7

FIGURE 72

5

By continuing this pattern, you can sketch several cycles of the graph, as shown in
Figure 72. ’
a7
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The discussion of horizontal shifts, vertical shifts, and reflections given in Section
S can be appiied to the graphs of trigonometric functions, as illustrated in Example 7.

EXAMPLE 7 Shifts of Graphs of Trigonometric Functions
i PStpa TR

Sketch the graph of the following functions.
. ™ 7
a. flx) = sm(x + 5) b, f(x) =2+ sinx c. fix)=2+ sin<x — Z)

Solution

a. To sketch the graph of f(x) = sin(x + m/2), shift the graph of y = sin x to the left
77/2 units, as shown in Figure 73(a).

b. To sketch the graph of f(x) = 2 + sin x, shift the graph of y = sin x up 2 units, as
shown in Figure 73(b).

¢. To sketch the graph of f(x) = 2 + sin{x —~ 7/4), shift the graph of y = sin x up
2 units ard to the right 7/4 units, as shown in Figure 73(c).

y

By,
]lt . b f00 =2+ sinfx - )

floy = sin(x + 12—1)

6
5
4
b
o

(a) Horizontal shift to the left  (b) Vertical shift upward (c) Horizontal and vertical shift
FIGUURE 73
Transformatians of the graph of y = sinx. o

In Exercises 15 and 16, determine the quadrant in which 8

In Exerclses 5 and 6, express the angles in radlan measure as = lies-
multiples of 7 and as decimals accurate to three decimal 15. a. sinf < 0 and cos@ < O

places. b. secd > 0 and cotf <0
5. a. 30° b. 150° c 315° d. 120°  16. a. sin@ > 0 and cos§ <O
6. a. —20° b —240° c. —270° d. 1440 b. ¢csc@ < 0 and tanf > 0

In Exercises 7 and 8, express the angles in degree measure.

In Exercises 17—22,‘evaluate the trigonometric function.
37 T T

7. a, 5 . b & -5 d. —-2.367 17. sin6 =} 18. sinf =}

7 611 i S tampl=
8 825 b il = d. 0.438

3 T30 6 ;
In Exercises 13 and 14, determine all six tngonometnc func- - ) /{jl
tions for the angle 6. e
13. a. b b 3 4
tosee ‘
I 4 4 13
19. cosf =5 20. secld = 3
]
== ¢ £ coth =2 -csch =7
//}l
(=12, =95) k
14. a. ,\- b. {
13

\,%“ - KB f' )

(3 ~15) l =D -5

I




In Exercises 23-26, evaluate the sine, cosine, and tangent of

each angle without using a calculator.

23. a. 60° 24, a. —-30°
b. 120° b. 150°
kul m
c. — -=
2 ¢ %
57 L
d. — .-
4 . 2
25, a, 225° 26. a, 750°
b. =225° b. 510°
e tom
3 g
17 17
d. —~ ty —
6 3

In Exercises 35-42, solve the equation for 0 (0 < 8 < 2a).

35. 2sin’6 =1
37. tan®*§ — tanf = 0
39. secfcsch = 2cscb

36. tan*9 = 3
38. 2cos? — cosf = 1
40. sin6 = cosf

[°}
41. cos’ 8 + sinf = | 42, cos> = cosf =1

In Exercises 43-46, solve for x, y, or r as indicated.

43. Solve for y. 44, Solve for x.

46. Solve for r.

47. Airpla.ne Ascent  An airplane leaves the runway climbing at
18° with a speed of 275 feet per second (see figure). Find the

altitude of the plane after 1 minute.

==V 18°

Y
A
S

—— 1y

51, a. y = 2sin2x

FIGURE FOR 47

In Exercises 5154, determine the period and amplitude of
cach function.

b. y = }sinarx

Y

i ke s
a|=l~>
[SIES

N}
k:xN

B

1
~

e
52. a. y = %cos% b,y = “251“'3'

. 1 o
M T

0
w

w
e
[~
——ft <
—-n
e
N

54, y = %cosw—

53. y = 3sindnx 10

In Exercises 55-58, find the period of the function.
55. y = Stan2x 56. y = 7tan2mx

§7. y = secS5x 58. y = cscéx

In Exercises 61-72, sketch the graph of the function.

61. y = smfz 62. y = 2cos2x

63. y = —sinz%x 64. y = 2tanx

65. y = csc% 66. y = tan2x

67. y = 2sec2x 68, y = csc2mx

69. y = sin(x + m 70. y = cos(x - %)

T
7L.y=1+ cos(x —E>

afx+3)
=1+ [
72.y =1 sin| x 2

89



